The aim of this paper is to prove continuity of the Riesz potential operator R s : E → CH in optimal couple E, CH, for the supercritical case on unbounded domain, where E is a rearrangement invariant function space and CH is the generalized Hölder-Zygmund space generated by a function space H. We also construct optimal domain and target quasi-norms for R s on unbounded domain.
Introduction
Let L loc be the space of all locally integrable functions f on R n with lebesgue measure. The
Riesz potential operator R s ,  < s < n, n ≥  is defined by Let α E , β E be the Boyd indices of
and the condition  > s/n ≥ /p means p > , β E < . For these reasons we suppose that for the general E, The plane of this paper is as follows. In Section  we provide some basic definitions and known results. In Section  we characterize the continuity of the Riesz potential operator R S : E → CH. The optimal quasi-norms are constructed in Section .
Preliminaries
We use the notations a  a  or a  a  for nonnegative functions or functionals to mean that the quotient a  /a  is bounded; also, a  ≈ a  means that a  a  and a  a  . We say that a  is equivalent to a  if a  ≈ a  .
There is an equivalent quasi-norm ρ p ≈ ρ E that satisfies the triangle inequality ρ
for some p ∈ (, ] that depends only on the space E (see [] ). We say that the quasi-norm ρ E satisfies Minkowski's inequality if for the equivalent quasinorm ρ p ,
Usually we apply this inequality to functions g ∈ M + with some kind of monotonicity.
Recall the definition of the lower and upper Boyd indices α E and β E . Let g u (t) = g(t/u) where g ∈ M + , and let
be the dilation function generated by ρ E . Suppose that it is finite. Then
If β E <  we have by using Minkowski's inequality that
Recall that w ∈ M + is slowly varying function, if for every > , the function t w(t) is equivalent to increasing function and t -w(t) is equivalent to a decreasing function.
In order to introduce the Hölder-Zygmund class of spaces, we denote the modulus of continuity of order k by
where k h f are the usual iterated differences of f . When k =  we simply write ω(t, f ). Let H be a quasi-normed space of locally integrable functions on the interval (, ) with the Lebesgue measure, continuously embedded in L ∞ (, ) and g H = ρ H (|g|), where ρ H is a monotone quasi-norm on M + which satisfies Minkowski's inequality. The dilation function h H , generated by ρ H , is defined as follows:
if ut ≥ , and
is decreasing g is increasing and g(+) =  .
The choice of the space M a is motivated by the fact that ω n (t /n , f ), is equivalent to a func-
Suppose that h H is finite. Then the Boyd indices of H are well defined,
and they satisfy α H ≤ β H ≤ . In the following, we suppose that 
• If j/n < α H < (j + )/n for j ≥  or  ≤ α H < /n for j = , then CH is formed by all functions f in C j having a finite quasi-norm
• If α H = (j + )/n, then CH consists of all functions f in C j having a finite quasi-norm
We need the following result about the equivalent quasi-norm in the generalized Hölder-Zygmund spaces.
Theorem . (equivalence) ([]) Let ρ H be a monotone quasi-norm, satisfying Minkowski's inequality and let
Let N be the class of all admissible couples, it will be convenient to use the following definitions.
Definition . (admissible couple) We say that the couple (ρ E , ρ H ) ∈ N is admissible for the Riesz potential if To prove our result we introduce the classes of the domain and target quasi-norms, where the optimality is investigated.
Let N d consist of all domain quasi-norms ρ E that are monotone, satisfy Minkowski's inequality,  < α E = β E < , and the condition
Let N t consist of all target quasi-norms ρ H that are monotone, satisfy Minkowski's in-
Definition . (optimal target quasi-norm) Given the domain quasi-norm ρ E , the optimal target quasi-norm, denoted by ρ H(E) , is the strongest target quasi-norm, such that
for any target quasi-norm ρ H such that the couple (ρ E , ρ H ) ∈ N is admissible. Since CH(E) → CH, we call CH(E) the optimal Hölder-Zygmund space. For shortness, the space H(E) is also called an optimal target space.
Definition . (optimal domain quasi-norm) Given the target quasi-norm ρ H ∈ N t , the optimal domain quasi-norm, denoted by ρ E(H) , is the weakest domain quasi-norm, such that (ρ E(H) , ρ H ) ∈ N and
for any domain quasi-norm ρ E ∈ N d such that the couple (ρ E , ρ H ) ∈ N is admissible. The space E(H) is called an optimal domain space.
Definition . (optimal couple) The admissible couple (ρ E , ρ H ) ∈ N is said to be optimal if both ρ E and ρ H are optimal. Then the couple E, H is called optimal.
Admissible couples
Here we give a characterization of all admissible couples (ρ E , ρ H ) ∈ N . By using the following Hardy-Littlewood inequality [], p., we get the well-known mapping property:
We have the following basic estimate.
Theorem . If f ∈ E, then
where
Proof The proof of this result follows from Theorem . in [].
Now we discuss the mapping property R s : E → C  .
Theorem . A necessary and sufficient condition for the mapping
is the following:
Proof We already know that
To prove that R s (E) ⊂ C  , it remains to show that R s f is a uniformly continuous function.
It is enough to show that
By using Marchaud's inequality,
L'Hôpital's rule, and (.), we get
It remains to prove that if R s : E → C  , then (.) is true for α E ≤ s/n. To this end we choose a test function h as follows. Let g ∈ D n-s , ρ E (g) < ∞ and
where ϕ ≥  is a smooth function with compact support in (-c -/n , c -/n ) such that if ψ = R s ϕ, then ψ() > . To see that this is possible, we calculate ψ(). Since
we have for appropriate d > ,
Note also that, for large c > ,
We also have
We may take
Applying Minkowski's inequality and using α E > , we have
we have in particular
Thus (.) is proved.
In the following theorem, we characterize the admission couple. Note that this result cannot obtained directly from Theorem . [], because here we consider an unbounded domain.
Theorem . The couple (ρ E , ρ H ) ∈ N is admissible if and only if
Proof Let (.) be true. By using (.) and (.), we get
Thus ρ E , ρ H is an admissible couple.
For the converse, we have to prove that (.) implies (.). To this end we choose a test function in the form f (x) = R s h(x)
, where h is given by (.). We have
To estimate the modulus of continuity of f from below, we split f as follows:
First we prove that, for some large C > ,
To this aim consider 
Now we estimate the modulus of continuity of the second function from above. To this aim, by using the formula [], p., we get
To prove that ρ H is also optimal, let (ρ E(H) , ρ H  ) ∈ N be an arbitrary admissible couple. Then
We have to show that
Since g ∈ M n is a quasi-concave, it is equivalent to a concave one, hence
Thus (.) is proved. To prove the equivalence (.), first we prove that
To this aim we consider
Applying Minkowski's inequality and using α H > , we have
whence, taking the infimum, we get
Hence ρ H(E) is optimal.
Theorem . If α E < s/n, then
Moreover, the couple ρ E , ρ H(E) is optimal.
Proof Consider
Applying Minkowski's inequality and using β E < s/n, we have
If χ (,) g ≤ Sh, g ∈ M n , then
and, taking the infimum, we get
On the other hand, for g ∈ M n , let h(t) = t -s/n g(t)χ (,) (t). Then h ↓ and Moreover, the couple ρ E , ρ H (E) is optimal. In particular, the couple
is optimal.
